


MECHANICAL TECHNOLOGY INCORPORATED 
968 A l b a n y - S h a k e r  R o a d  
Latham, N e w  Y o r k  12110 

i 

SPHERICAL SQUEEZE-FILM HYBRID BEARING 
WITH SMALL STEADY-STATE 

RADIAL DISPLACEMENT 

by 
T.  C h i a n g  

S. B. M a l a n o s k i  
C:H*T= Pan 

N o v e m b e r ,  1965 



NO. M T I  - 6 5 T R 3 0  

DATE: N o v e m b e r ,  1965 

TECHNICAL REPORT 
c 

S P H E R I C A L  SQUEEZE - F I L M  HYBRID BEARING 
W I T H  SMALL STEADY-STATE 

RADIAL DISPLACEMENT 

Approved 

Approved 

Prepared under 

C o n t r a c t :  NAS 8-11678 

Prepared for 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 
GEORGE C. MARSHALL SPACE F L I G H T  CENTER 

HUNTSVILLE,  ALABAMA 

Ad rn inis t ered by 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 
GEORGE C. MARSHALL SPACE F L I G H T  CENTER 

HUNTSVILLE,  ALABAMA 

I ITI  
1111 I 1 

MECHANICAL TECHNOLOGY INCORPORATED 

968 ALIANY - SHAKER ROAD -1ATHAM. NEW YORK -PHONE 785-0922 

MTI-24 18-61) 



TABLE OF CONTENTS 

P a g e  
ii 

1 

2 

2 

3 

4 

6 

8 

10 

14 

1 7  

19 

2 0  

2 1  

22  

25 

2 8  

30 



I 1. 

' S  
ABSTRACT ,310')7 
Spher i ca l  squeeze- f i l m  hybr id  bear ings were ana lyzed  t h e o r e t i c a l l y .  Based 

a n  asymptot ic  approximation f o r  l a rge  squeeze number, t h e  s o l u t i o n  of  t h e  

on 

Reynolds' equa t ion  a p p l i c a b l e  t o  t he  system under i n v e s t i g a t i o n  was obta ined .  

P e r t u r b a t i o n  method h a s b e e n  used;  the r e s u l t s  are v a l i d  f o r  small r a d i a l  d i s -  

placement only.  It h a s  no l i m i t a t i o n  however i n  the  v a l u e s  of c o m p r e s s i b i l i t y  

number, a x i a l  displacement  r a t i o  and excur s ion  r a t i o .  Numerical c a l c u l a t i o n s  

have been programmed on t h e  GE205 computer. Axia l  load-capac i ty ,  a x i a l  s t i f f -  

ness  and r a d i a l  s t i f f n e s s  and a t t i t u d e  angle  were obta ined .  
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I. INTRODUCTION 

I n  a gaseous squeeze-f i lm bea r ing ,  one o f  the  bea r ing  s u r f a c e s  i s  made t o  o s c i l l a t e  

t r ansve r se ly .  By v i r t u e  of t h i s  h igh  frequency t r a n s v e r s e  o s c i l l a t i o n  of  t he  bea r ing  

s u r f a c e  and the  non- l inea r  n a t u r e  o f  the gaseous flow i n  the  f i lm ,  t he  t ime-averaged 

f i l m  p res su re  becomes g r e a t e r  than the  ambient and, consequent ly ,  a load-car ry ing  

c a p a c i t y  i s  generated.  To o b t a i n  a r e l a t i v e l y  l a r g e  load capac i ty ,  i t  i s  d e s i r a b l e  

t o  have a h igh  frequency and a r e l a t i v e l y  l a r g e  t r a n s v e r s e  o s c i l l a t i o n .  This  can 

be achieved by l e t t i n g  t h e  o s c i a l l a t i n g  bea r ing  s u r f a c e  be p a r t  of a resonant  t r a n s -  

ducer  system. I n  t h e  l i t e r a t u r e ,  t h e o r e t i c a l  and experimental  i n v e s t i g a t i o n s  on 

gaseous squeeze-f i lm bea r ing  have been made. References 1 and 2 concerned j o u r n a l  

and t h r u s t  bear ings  and Reference 5 provides t h e  foundat ion  f o r  t he  a n a l y s i s  of 

squeeze-f i lm bear ings  of a r b i t r a r y  bear ing  shape and a r b i t r a r y  mode of gap o s c i l l a t i o n s .  

The purpose o f  the  p re sen t  i n v e s t i g a t i o n  i s  t o  ana lyze  s p h e r i c a l  squeeze-f i lm 

hybr id  bear ings  wi th  small r a d i a l  displacement .  Based on an asymptot ic  approximat.ion 

f o r  l a r g e  squeeze number, t h e  s o l u t i o n  o f  the  Reynolds' equa t ion  wi th  an assumed 

mode of  gap o s c i l l a t i o n  was obta ined .  The p e r t u r b a t i o n  method has  been used; t he  

r e s u l t s  a r e  v a l i d  f o r  s m a l l  r a d i a l  displacement only .  The r e s u l t s  ob ta ined  ( a x i a l  

load capac i ty ,  a x i a l  s t i f f n e s s  and r a d i a l  and t a n g e n t i a l  s t i f f n e s s e s )  provide 

p e r t i n e n t  in format ion  i n  des igning  s p h e r i c a l  squeeze- f i lm bea r ings .  
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2; ANALYSIS . 
The- squeeze-film bea r ing  p r e s e n t l y  under c o n s i d e r a t i o n  c o n s i s t s  o f  two s p h e r i c a l  

s u r f a c e s ,  t he  geometry o f  which i s  shown i n  F igu re  1. Spher i ca l  coord ina te s  

have been used - 8 and cp are r e s p e c t i v e l y  the  mer id i ana l  and azimuthal  a n g l e s .  

The bea r ing  extends i n  the  cp-direction from 'pl t o  cp2. 

2 . 1 .  Basic  Equations 

The isothermal  Reynolds 'equation of a s p h e r i c a l  squeeze-f i lm bea r ing  wi th  meri-  

d i a n a l  j o u r n a l  angu la r  speed W and squeeze frequency 0 ,  i s  (Reference 3 )  

a r  3 2' a - 3 a P  
a(p : sincp H P a(p + a e  HP,, sincp - 

.- 

(PHI, '(2..1) 
2 r  - a  a 

= s i n c p  ~ s + a s .  . . . . . . . . . . . . . . . . . . . .  
where 2 

I 
= Squeeze number 

2 

A = !, = Compress ib i l i t y  number . . . . . . . . . . . . . . .  (2..'2) 
- Pa \ C s  

T = n t  = Dimensionless t i m e .  

I n  t h i s  r e p o r t  i t  i s  assumed t h a t  the squeeze motion i s  e n t i r e l y  i n  the a x i a l  

d i r e c t i o n .  S e t t i n g  E = excursion r a t i o ,  

r a t i o  r e s p e c t i v e l y ,  t he  normalized f i l m  gap can be expressed as (Ref. 3 )  

= a x i a l  and r a d i a l  displacement "by "r 

The boundary c o n d i t i o n s  of equa t ion  ( 2 . 1 3 ' a r e  

p ('ply e,  7) = P (cp,, e,  7 )  = 1 . . . . . . . . . . . . . . . . . . . .  (2.4) 

P ( c p ,  e, 7) = P (9, e + 25r, T) . . . . . . . . . . . . . . . . . .  (z.5) 

p l u s  t h e  cond i t ion  o f  p e r i o d i c i t y  i n  time, 

P ( c p ,  e, T) = P (9, e,  r t 2 ~ r )  . . . . . . . . . . . . . . . . . . . . . .  (2 .7 j  



~. 
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2 . 2  Asymptotic Approximation 

The squeeze number a i s  g e n e r a l l y  ve ry  l a rge .  For 
3 R 

p = 0.074 l b / f t  , R = 40,000 r( rad / s e c ,  - C 

-4 2 
= 14.7 p s i a ,  IL = 1 . 7 ~ 1 0  f t  / s ec ,  

Pa P 
= 1000, we have a t y p i c a l  va lue  of u - 

Hence, the asymptot ic  s o l u t i o n  ( a -  W) of equa t ion  ( 2 . 1 )  i s  of i n t e r e s t .  A gene ra l  

t reatment  of squeeze-fi lm bearings using the  asymptot ic  method i s  given i n  Ref. 5 .  

The a n a l y s i s  t o  be developed i s  a s p e c i a l  a p p l i c a t i o n  of t h i s  method t o  s p h e r i c a l  

bea r ings .  Rewrite equa t ion  (2.1)  
7 

Denoting $ PH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (2 .10)  

we have 

as u 9 W, J I  = \~r, (cp,  e )  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . (2.11) 

except  i n  the boundary l a y e r s  near  cp = 91’ and cp = cp2. 

l a y e r s  is  of the o rde r  of u - ” ~ .  
t hen  

The e x t e n t  of the boundary 

Let $ be an  edge c o r r e c t i o n  i n  the  boundary l a y e r ,  e 

\~r = $e (9, e ,  T )  + ( c p ,  e )  . . . . . . . . . . . . . . . . . . . . . .  ( 2 . 1 2 )  

During the process  of r e d u c t i o n  from equa t ion  ( 2 . 8 )  t o  equa t ion  ( 2 . 9 ) ,  t he  d i f f e r e n t i a l  

equa t ion  l o s e s  two o r d e r s  i n  cp -d i f f e ren t i a t ion ;  consequent ly  the asymptotic s o l u t i o n  $w 

w i l l  not  s a t i s f y  the two boundary cond i t ions  ( 2 . 4 ) .  The boundary c o n d i t i o n s  t o  be 

s a t i s f i e d  by J I  

be d i scussed  l a t e r .  

Using the i d e n t i t y  

a t  cpl and cp2 can only be determined by a mass con ten t  r u l e  which w i l l  
03 

3 H P d P = 1 / 2  d (H $2 )  - 312 q2 d H . . . . . . . . . . . . . . . . . . . .  (2 .13)  

and i n t e g r a t i n g  ( 2 . 8 )  w i th  r e s p e c t  t o  T from 0 t o  2 ~ ,  we o b t a i n  

a [ :cp (H $2)  - 3q2 sincp “1 d T sincp - s incp acp x acp 

. . . . . . . . . . .  2 5 [$& (H$ 2 ) - 3 , ~ ~  (2.14)  

Using the asymptot ic  approximation (2.11) and n e g l e c t i n g  the  edge c o r r e c t i o n  q 
e ’  
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equa t ion  (2.14) i s  r e a d i l y  reduced to :  

where Ho = l + ~  C O S T +  qr sincp cos (e - a) . . . . . . . . . . . . . . . . . . .  (2 .16 )  z 

which i s  the  time average of H given by E q .  (2 .3 ) .  

The 8 - wise boundary cond i t ions  r e q u i r e  t h a t  both Jrm and i t s  d e r i v a t i v e  be p e r i o d i c  

i n  8, 

JI, (9, e )  = ~ r ~  ( c p ,  e +  2 n ) .  
(2.17) . . . . . . . . . . . . . . . . . . . . . . . . .  

The cp-wise boundary c o n d i t i o n s ,  however, are n o t  known e x p l i c i t l y .  Eq. (2.4) i s  no t  

u s e f u l  because a t  cpl and cp2 t he  edge c o r r e c t i o n  (Jr  ) i s  important ,  bu t  unknown. 

I n  the fol lowing s e c t i o n  a mass con ten t  r u l e  w i l l  be de r ived  which may be used as 

boundary c o n d i t i o n s  f o r  qW a t  cpl and (p2. 

2.3 Mass Content Rule 

I n  d e r i v i n g  the Mass Content Rule, the method used he re  i s  q u i t e  similar t o  those 

i n  Reference 4 which d e a l s  w i th  the a x i a l l y  symmetric problem. 

by i n t e g r a t i n g  E q .  (2 .14)  wi th  r e s p e c t  to  rp, 

e 

We s h a l l  proceed 

I 

I n t e g r a t i n g  once a g a i n ,  we o b t a i n  

where A (e) and B (e)  a r e  "constants"  of i n t e g r a t i o n ,  
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8 
On the  boundary, cp = 'pi ( i  = 1 , 2 ) ,  and P (cpi,B, T) = 1. 

Thus, JI (rpi,@,T) = H  ((pi,@,T) . . . . . . . . . . . . . . . . . . . . . . .  (2 .21)  

and Equat ion (2.19) becomes 

+ B ( B ) +  I(cpi,e) . . . . . . . . .  ( 2  2 2 )  s incp I Ji - (i = 1 , 2 )  

H ((pi, 8, 7) d7  = A (e)  r 3  0 91 
On t h e  l e f t  hand s i d e  o f  Eq. (2.19) r ep lace  @ by $ 

03 

dT = A ( @ )  acp" + B ( 8 )  + I(cp,@) . . . . . . . . . .  (2.23) 

( cp  + Ti) 
7 qm2 ((?,e) j. 
91 0 

L e t  t h e  boundary l a y e r  t h i ckness  a t  q be &ply then  Eq.(2.23) can  be eva lua ted  a t  
1 

rp = cpl .+ 6cp. 
1 

+ I (cpl+ q , e )  . . . .  (2.24) 

S ince  6cp1 i s  of t h e  o rde r  o f  (0 -f ), the r igh t -hand s i d e s  of (2.22) w i t h  i = 1, and 

(2.24)  are equa l  (neg lec t ing  O(o -f ). 
Hence a comparison o f  (2 .22)  and (2.24) l eads  t o  

((p1+6rp1,8) H (cp1+6(p1, e , ~ )  dT (2.25) 
2 . . . . . . . . .  

Again, because 6cp1 i s  smal l  i t  i s  reasonable  t o  assume 

((p1+6(p1~Q) JI,((P~,@). Hence 
'2?r 

JIW 

r 
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The mass con ten t  r u l e s  (2.26) and (2.27) provide boundary c o n d i t i o n s  f o r  I) a t  
03 

91 and 9 2 '  

# 

2.4.  P e r t u r b a t i o n  So lu t ion  - small 7 
r 

The asymptot ic  s o l u t i o n  Jr 
s e c t i o n .  The p e r t i n e n t  boundary cond i t ions  a r e  (2 .17) ,  ( 2 . 1 8 ) ,  (2.26..) and (2 .27 ) For 

small r a d i a l  displacement r a t i o  (7  ) the problem can be solved by p e r t u r b a t i o n  

method. It i s  convenient to,expand 

governed by Equation i f2 .15 ) iwi l l  be solved i n  t h i s  
W 

r 

Holhm 2 = go(rp) + Tr Re 4 g1('P) e''\ . . . . . . . . . . . . . . . . . . . .  (2.28) 

where 8 = 8 - Q ! J . . . . . . . . . . . . . . . . . . . .  (2 .29)  

2 

Ho (rp,Q) = ho (9) + vr Re 1 h l  (rp) ei'). . . . . . . . . . . . . . . . . .  (2.30) 

where h (9 )  = 1+7, COST . . . . . . . . . . . . . . . . . . .  (2.31) 

. . . . . . . . . . . . . . . . . . .  (2.32) 

- 

Note t h a t  g,(cp) may be complex. The zeroth-order  s o l u t i o n  g (cp) i s  a func t ion  of cp 

only,  s i n c e  f o r  zero r a d i a l  displacement H -$ 

Rewrite (2.16) i n  the form 

0 
should be independent of 8. 

o w  

0 

hl ( c p )  = sincp 

S u b s t i t u t i n g  Eqs. (2.28) and (2.30) i n t o  eq.  (2.15) w e  o b t a i n  

. "= . . . . . . . . .  (2 ,341 
0 

. h  
h l  - i h  s i n  

0 

The boundary c o n d i t i o n s  (2.26)  and (2.27) can be i n t e g r a t e d  t o  give 
% n 

(2 .35)  
2 3 2  2 

= H~ ((piye) + T E COS 'pi . . . . . . . . . . . . . . . . .  
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Mul t ip ly  both s i d e s  by Ho ((Pi, 0) 

- 
+ - 3 2  E cos 2 i € I  , ( 2 . 3 6 )  

2 

which r e s u l t s  i n  the  fol lowing boundary cond i t ions  

( i  = 1 ,2 )  . . . . . . . . . (2.37) 3 3 2  2 
go ((Pi) = ho (Ti) + 2 E ho ((Pi) cos  cpi 

2 
Thus, t he  s o l u t i o n  o f  Ho$, 
The zero th-order  s o l u t i o n  g ( c p )  r ep resen t ing  the  ze ro  r a d i a l  displacement  problem 

can  be obta ined  from Eq. (2.33) and boundary cond i t ions  (2 .37) .  Having obta ined  go(cp) 

from t h e  above system, t h e  f i r s t - o r d e r  p e r t u r b a t i o n  s o l u t i o n  g ( c p )  can  r e a d i l y  be 

so lved  from d i f f e r e n t i a l  Equat ion (2.34) and boundary cond i t ions  (2.38) .  

is represented  by g0(p) and g (9) as ind ica t ed  i n  (2 .28) .  1 

0 

1 
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3 .  AXIALLY SYMMETRIC CASE 

Spher i ca l  squeeze-f i lm bea r ing  with a x i a l  displacement on ly  i s  considered i n  t h i s  

s e c t i o n .  The normalized f i l m  gap i s  given by Eq. ( 2 . 3 ) .  Thus, w i th  q = 0, we have r 

H (rp,8) = h  (cp) + E COST COST- . . . . . . . . . . . . . . . . . . . .  ( 3 . 1 )  
0 

where ho(rp) = 1 + 7, cos(P-, . . . . . . . . . . . . . . . . . . . .  ( 2 . 3 1 )  

and Ho (rp,0) reduces t o  h (cp) as can be seen by Eq. ( 2 . 3 0 ) .  
0 

2 
Denoting the s o l u t i o n  of ~r by G f o r  t he  a x i a l l y  symmetric problem, i t  i s  c l e a r  

from Eq. ( 2 . 2 8 )  t h a t  
m 0 

go(q )  =ho(cp)  go(^) 9 . . . . . . . . . . . . . . . . . . . . . . . . . .  ( 3 . 2 )  

and G s a t i s f i e s  
0 

s i n 9  [sin.(' (ho G o )  - 3 G . . . . . . . . . . . . . .  ( 3 . 3 )  
drp d(P 

wi th  boundary cond i t ions  

(i  = 1,2) . . . . . . . . . . . . .  ( 3 . 4 )  2 3 2  2 
Go ((Pi) = ho ((Pi> + 5 E cos 'pi 

Equat ions ( 3 . 3 )  and ( 3 . 4 )  can  be r e a d i l y  deduced from ( 2 . 3 3 ) ,  ( 2 . 3 7 )  and ( 3 . 2 ) .  

Eq. ( 3 . 3 )  can be i n t e g r a t e d  d i r e c t l y  t o  y i e l d  

% . ] = A  . . . . . . . . . . . . . . . . . . . . .  ( 3 . 5 )  
simp[% (h 0 0  G ) - 3 G 0 dv 

2 
The s o l u t i o n  t o  Eq. ( 3 . 5 )  can be obtained d i r e c t l y  by assuming Go = h 

s u b s t i t u t i n g  t h i s  expres s ion  i n t o  Eq. ( 3 . 5 ) .  Thus, 

F(rp) and 
0 

. . . . . . . . . . . . . . . . . . . . . . . . . . .  ( 3 * 6 )  h 3 d F  = - A 
0 do s incp 

I n t e g r a t i n g  Eq. ( 3 . 6 )  one o b t a i n s  

F(q)  = A  J e 3  + F(o1) ,. . . . . . . . . . . . . . . . . . . . . .  ( 3 . 7 )  

Cp 2 
where F(v l )  = (bo/ho 

2 
With Eq. ( 3 . 7 )  and the  assumption made above t h a t  G = h F(cp), one can w r i t e  t he  

s o l u t i o n  f o r  Go and t hus  $ 
0 0 2 . 

rn 



BY 

2 

2 (9,) (3.8) . . . . . . . . . .  
00 

f a l u a t i n g  $ ( c p )  a t  cp one o b t a i n s  an expres s ion  f o r  "A", t h u s ,  
co 2 -  

d(P 
0 3 sincp h 

0 'p1 
The s o l u t i o n  t o  the  problem of the a x i a l l y  symmetric case i s  now complete. It i s  

given by E q s .  ( 3 . 8 ) ,  ( 3 . 9 )  and ( 3 . 4 ) .  

The p res su re  d i s t r i b u t i o n  f o r  t he  asymptotic problem ( l a r g e  6) i s - o b t a i n e d  from 
r 1 

p - Pa = P a  ( P -  1) = p a  j H  $E! -11 . . . . . . . . . . . . . . . . . . .  (3.10) 
L J 

The mean a x i a l  load i s  

The mean a x i a l  s t i f f n e s s  i s  

Ck 
z a 

Above expres s ions  can be f u r t h e r  reduced a n a l y t i c a l l y  f o r  s p e c i f i c  geometr ies .  

Some of t h e s e  a r e  given i n  Appendix I. 
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4. NON-AXIALLY SYMMETRIC CASE 

Having solved the  a x i a l l y  symmetric problem and knowing i t s  s o l u t i o n  go ( c p )  from 

Sect ion 3 ,  we a r e  i n  a p o s i t i o n  t o  solve the non-ax ia l ly  symmetric problem, i . e .  

t h e r e  i s  a s m a l l  r a d i a l  e c c e n t r i c i t y .  By p e r t u r b a t i o n  method, the governing 

d i f f e r e n t i a l  equa t ion  of g,(rp) and boundary c o n d i t i o n s  have been ob ta ined  i n  

Sec t ion  2.4.;  t hey  are r e s p e c t i v e l y  Eqs. (2.34) and (2.38). Since g,(cp) may be 

complex, we assume 

gl(cp) = u(cp) + i v(cp) . . . . . . . . . . . . . . . . . . . . . . . . .  (4 .1)  

Using Eq. (4 .1)  and s e p a r a t i n g  the  r e a l  and imaginary p a r t s  of Equa t iom(2 .34 )  

and (2.38) ,  we o b t a i n  

u sincp dh 
2) - u + s i n  cp 
dcp 0 g0 

s i n 9  - d [sincp g) - 3 s i n 9  - 
dcp 

h l  (4 .2 )  - 3 - . . . . . . . . . . .  d r  d g0 
dcp h O  

= 3 sinrp - jsinrp go 6 

= --A sin2cpJ 1;. . . . . . . . . . . . . . . . . . . . . . . .  (4 .3 )  
0 0  

wi th  boundary cond i t ions  > 

L 

\?((pi) = 0 

Equat ions (4.2)  and (4.3)  a r e  two simultaneous second o rde r  o rd ina ry  d i f f e r e n t i a l  

e q u a t i o n s ,  and Equation (4 .4 )  provides  four  boundary cond i t ions  which are  r e q u i r e d  

t o  so lve  the  above Equat ions.  The s o l u t i o n s  ( u  and v ) of Eqs. (4 .2 )  and ( 4 , 3 )  

based on numerical  i n t e g r a t i o n  using "influence c o e f f i c i e n t "  method i s  shown i n  

Appendix 11. 

Knowing u and V,  t he  p re s su re  d i s t r i b u t i o n  f o r  l a r g e  CJ may be obtained from 

Eqs. ( 2 . 1 0 )  and (2.28) .  

iH"Z . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ( 4 . 5 )  '3H H2 
0 
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P T  P =  h +E COST COST 
0 

(4 .6 )  
- 

\ G o  hl c o s e  fl0 hl c o s s  

0 

[ u  cos: -v0sing - 
ho J- 1- (hO+E coscp COST)  

1 
h +E coscp COST 2 h -@ 

It i s  i n t e r e s t i n g  t o  note  t h a t  although t h e  product of PH, $, i s  time-Pndependent 1 

f o r  l a r g e  or t h e  p re s su re  P however, i s  a func t ion  of time through t h e  r e l a t i o n s h i p  

P = $m/H. The p res su re  as  expressed by Eq. (4 .6)  c o n s i s t s  of a n  a x i a l l y  symmetric 

term p l u s  a p e r t u r b a t i o n  term due t o  r a d i a l  displacement.  

To o b t a i n  bear ing fo rces  we f i r s t  take the  time average of P, t hen  i n t e g r a t e  through- 

out  the bea r ing  f i lm.  Denoting the  a x i a l ,  r a d i a l  and t a n g e n t i a l  f o r c e s  by F 

F and F r e s p e c t i v e l y ,  
2 ’  

R T’ 

Axial  Force 

and 

F z = -  7 dcp 7 dT 7 (P  - 1) sin2cp de  - . . . . . . (4 .8)  
2 2 

0 0 
nR P 411 a 

Radial  F o u  

(p-pa) sincp (-cost) R sincpde Rdcp - d-r D D . . . . 0 ( 4 . 9 )  211 

Since the r a d i a l  displacement problem i s  l i n e a r i z e d ,  the r a d i a l  fo rce  pe r  u n i t  

d e f l e c t i o n  i s  the r a d i a l  s t i f f n e s s .  Normalizing, the r a d i a l  s t i f f n e s s  i s  

s i n  cp dcp ( P  - 1) dT. . (4 .10)  i 1 ]i cos; d 8 i 2  
‘p2 

‘p1 

- = E  

0 

FR - -  - - CkR 

0 2 2 2 
Pa nR pa?R 2‘ 7, 

T a n g e n t i a l  Force 

(p-pa) sincp ( s i n s )  R sincp d 8 Rdcp - dT 
211 * 

* - * * - (4.11) FT 
cpl e=o T=o 



Defining the t a n g e n t i a l  force per  u n i t  r a d i a l  displacement as the  t a n g e n t i a l  

s t i f f n e s s  and normalizing a s  above, we have 
J 

-I 7 2  s i n  cp dcp T ( P - l , d T .  . . .  (4.12) 
0 

2Yr 

CkT 2 FT 2 - L / s i n z d e  - 2  

YrR pa fiR PaT;r 2fi 11, 91 0 

Performing the  €3 - i n t e g r a t i o n  i n  Eq. (4 .8)  and us ing  Eq. (4 .6 )  we have 

Since the  p e r t u r b a t i o n  t e r m  drops out  i n  8 - i n t e g r a t i o n  due t o  symmetry, the a x i a l  

fo rce  i s  i n d i f f e r e n t  of s m a l l  r a d i a l  e c c e n t r i c i t y .  I n t e g r a t i n g  Eq. (4.13) with 

r e s p e c t  t o  T 

. . . . . . . .  L L 2 

s i n  2'p d'p + - COS 2'p - COS'  2 ql. (4.14) 1 : [  2 
FZ 

YrR Pa - E  c o s  cp 2 
0 

W e  have used'Eq. (309) of Reference [6] 
2Yr r 
1 a+b COST - - d e  (4.15) dT . . . . . . . . . . . . . . . . . . . . . .  
0 

AS may be a n t i c i p a t e d  Eq. (4.14) i s  i d e n t i c a l  t o  Eq. (3.11).  

Equat ion (3 .7 )  of Reference i s  a l s o  u s e f u l .  
2Yr 2n 

(4  16) 
d7 - 2sa 

312 ' * . * * . . ' * '  
- 

a+b COST 

(a2 - b2) 

a 

a2 - b2 
- - d7 

0 
1, (a+b COST) 2 
0 

The dimensionless  r a d i a l  and t a n g e n t i a l  fo rces  of (4.10) and (4.12) can be s i m i l a r i l y  

reduced t o  

'p2 f 

dcp (4.17) 
2 

. . . . . .  - s i n  cp 
2 2  2 

' 1 h -  
Ck12 =/, 

m \/h '- ??I? Pa I1  1 - -o 
2 

v - 0  0 0 



With the s o l u t i o n s  u and v obtained by the method described i n  Appendix 11, w e  

may c a l c u l a t e  (4 .17)  and (4 .18)  numerically, 

. 



~ 
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.. 
5. INFLUENCE OF STRUCTURAL FLEXURE 

Analyses of previous s e c t i o n s  considered a s p h e r i c a l  squeeze-f i lm bea r ing  with 

squeeze motion uniformly i n  the  a x i a l  d i r e c t i o n ;  t he  bea r ing  was assumed t o  be 

r i g i d .  

Due t o  s t r u c t u r a l  f l e x i b i l i t y  the bearing tends t o  v i b r a t e  a t  frequency synchronous 

wi th  the excur s ion  frequency. An a x i a l l y  symmetrical mode of v i b r a t i o n s  i s  assumed. 

Thus, the normalized f i l m  gap may be expressed by 
rv 
H ( c p ,  e ,  T )  = H~ ( c p ,  e)  + E  COS^ COST + b(cp) COST 0 0 0 . . * . . D * (5.1) 

The last  term of Eq. (5.1) r e p r e s e n t s  the c o n t r i b u t i o n  due t o  a x i a l l y  symmetrical 

synchronous s t r u c t u r a l  v i b r a t i o n s .  b(cp) i s  r e l a t e d  t o  the mode shape of v i b r a t i o n s .  

The asymptot ic  a n a l y s i s  and the Mass Content Rule de r ived  i n  Sec t ion  2 a r e  s t i l l  

a p p l i c a b l e  he re  i f  H i s  replaced by H. Denote each q u a n t i t y  q which needs t o  be 

modified due t o  s t r u c t u r a l  v i b r a t i o n s ,  by 6. Thus 

N 

‘v d N  

$ = P H  . . . . . ~ ~ . . . o O . O ~ . . . . . . . . . . . D  . . * .  (5.2) 

The d i f f e r e n t i a l  equa t ion  f o r  $m which i s  the asymptot ic  approximation of $ f o r  l a r g e  

6, i s  

I /  

Eq. (5.3) i s  of t he  same form of E q .  (2.15) ~ 

Using the  mass content  r u l e  o f  S e c t i o n  2 . 3 . ,  w e  have 

S u b s t i t u t i n g  Eq. (5.1) i n t o  Eq. (5.4) r e s u l t s  i n  

Equat ion (5.5) se rves  as two boundary cond i t ions  i n  the  (p d i r e c t i o n .  Therefore ,  i t  

i s  seen  t h a t  i n  the ana lyses  the only mod i f i ca t ion  r e q u i r e d  due t o  s t r u c t u r e  v i b r a t i o n  

i s  i n  t h e  cp-wise boundary c o n d i t i o n s .  
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For small r a d i a l  displacement apply pe r tu rba t ion  method and expand 

z 

S u b s t i t u t i o n  of Eq. (5 .6 . )  i n t o  Eq. (5 .3 . )  r e s u l t s  i n  the  same equat ions  as (2.33) 

and (2.34) upon r e p l a c i n g  go(cp) and g,(cp) by go(cp) and 

Eq. (5 .5)  t he  boundary cond i t ions  are  r e a d i l y  deduced, 

( c p )  r e s p e c t i v e l y .  From 1 

I' N 2 3 
gl(cPi) = 3ho(cpi> hl(qi)  9 5 hl(cpi) ['E coscpi-+ b(cpi) (i = 1 , 2 )  . . . (5 .8)  

It can be shown, fol lowing e x a c t l y  the  same procedures  as developed i n  Sec t ion  3 ,  

t h a t  t he  s o l u t i o n  t o  the  a x i a l l y  symmetrical problem i s  given by 

where 

c Jcpl '- 

. . . . . . . . . .  (5 .9)  

. . . . . . . . .  (5.10) 

2 
N B = l + - [  3 E cos (Pl+b(cp ' 1 .  1 

2 ho(cpl) 

For the  problem of  s m a l l  r a d i a l  displacement ,  assume 

N N 
g,(cp) = u(cp) +i?(cp) . . . . . . . . . . . . . . . . . . . . . . . . . . .  (5.11) 

The governing equa t ions  f o r  x(cp) and G'(cp) a r e  Eqs. (4 .2)  and ( 4 . 3 )  r e p l a c i n g  u and v by 

u and v" respekt iveb.The boundary condi t ions  a r e  however -4 

u(cpi) = 3 hl(cpi) + b(cpi) (i = 1,2) . . . - (5.12) 

V ( ( p i )  = 0 13 N 

h ) '  

The r e s u l t s  of the  numerical  a n a l y s i s  i n  Appendix I1 a r e  a l s o  app l i cab le  i f  

a p p r o p r i a t e  boundary cond i t ions  (Eq.  (5.12)) a r e  used. 
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- The following s p e c i a l  ca ses  of mode shape of gap o s c i l l a t i o n s  a r e  o f  i n t e r e s t :  

S t r u c t u r a l  f l e x i b i l i t y  i s  n e g l i g i b l e .  Gap o s c i l l a t i o n  i s  s o l e l y  caused 

by a x i a l  excur s ion  of the bear ing as a r i g i d  body. This i s  the case 

s t u d i e d  i n  Sec t ions  2 ,  3 and 4 .  

2.)  E = 0, b(cp) = cons tan t .  

This  r e p r e s e n t s  a mode o f  uniform normal o s c i l l a t i o n s  of t he  bea r ing  

s u r f a c e  a 

Various combinations of E and b = cons tan t  can approximate q u i t e  w e l l  t he  a c t u a l  

squeeze motion of t h e  bea r ing  s u r f a c e  , i nc lud ing  the in f luence  of s t r u c t u r a l  

f l e x i b i l i t y .  The a n a l y s i s  i n  t h i s  s e c t i o n ,  however, i s  v a l i d  f o r  any mode shape of 

the squeeze motion of t he  bear ing surface.  
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6.  RESULTS 

The a x i a l  load and s t i f f n e s s  of a concen t r i c  ( 7  

(9, = 0°,cp2 = 90 ) have been c a l c u l a t e d  and a r e  g r a p h i c a l l y  shown i n  F i g .  2.  These 

curves can be used as a p re l imina ry  guide f o r  e s t i m a t i n g  the  load requirements of 

a s p h e r i c a l  squeeze-fi lm t h r u s t  bear ing.  The need f o r  s u f f i c i e n t  amplitude of the 

squeeze motion i s  c l e a r l y  i n d i c a t e d .  For E < 0.4,  every increment of 0.1 i n  E 

a t  leas t  doubles the load c a p a c i t y .  Gain i n  the s t i f f n e s s  wi th  inc reased  E i s  even 

l a r g e r .  

= 0) hemi-spherical  squeeze-f i lm 
Z 

0 

In  F igs .  3 through 5 are the a x i a l  load c a p a c i t y  and s t i f f n e s s  f o r  a bea r ing  

geometry being t e s t e d  a t  the A s t r i o n i c s  Laboratory (ql = 0, cp2 = 67 ). The normal 

way i n  p r e s e n t i n g  these  r e s u l t s  i s  done i n  F ig .  3 .  Because the u n i t  load i n  the 

a c t u a l  t e s t  i s  t y p i c a l l y  ve ry  s m a l l ,  the magnitude of the a x i a l  displacement i s  

cons ide rab ly  l a r g e r  than the nominal bearing c l ea rance .  Under t h i s  c o n d i t i o n ,  t he  

mean gap a t  the  pole  of the bea r ing ,  C (1 + q ) ,  i s  more r e p r e s e n t a t i v e  of the f l u i d  

f i l m  t h i c k n e s s  than the  nominal gap, C .  For t h i s  r eason ,  t h e  normalized v a r i a b l e s  

a r e  r e s c a l e d  and the r e s u l t s  are shcwn i n  F ig .  4 and 5. Both ehe load c a p a c i t y  

and the  s t i f f n e s s ,  i n  terms of r e s c a l e d  normalized v a r i a b l e s ,  i n c r e a s e  wi th  7 ;  
t h i s  i s  because the  bea r ing  gap becomes sma l l e r  toward cp 

as Ti.becomes l a r g e r  and l a r g e r ,  the curves appear t o  approach some asymptotes as may 

be expected.  

0 

f o r  l a r g e r  7 .  However, 2 

C a l c u l a t i o n s  of both a x i a l  and rad ia l  displacement e f f e c t s  have been made f o r  t he  

geometry corresponding t o  cpl = 41.5 , cp2 = 68'. This geometry i s  of i n t e r e s t  because 

i t  c i r cumscr ibes  the " i s o - e l a s t i c  cone". (The " i s o - e l a s t i c f f  cone has  an  apex ang le  

equa l  t o  2 t a n  

i t s  o v e r - a l l  a x i a l  and r a d i a l  s t i f f n e s s e s  are e q u a l ) .  Axial  f o r c e s ,  a x i a l  s t i f f n e s s ,  

and r a d i a l  s t i f f n e s s  a r e  r e s p e c t i v e l y  shown i n  F igs .  6, 7 and 8 . f b r  t h e  non- ro ta t ing  

squeeze-f i lm bearing.(There i s  no t a n g e n t i a l  s t i f f n e s s  i n  t h i s  c a s e ) .  Comparing with 

F ig .  2 ,  i t  i s  seen t h a t  the a x i a l  load i s  about 15% lower than t h a t  of the hemi- 

s p h e r i c a l  bea r ing ,  while the a x i a l  s t i f f n e s s  i s  about 50% lower. Comparing F igs .  7 

and 8, it  i s  seen t h a t  t he  r a d i a l  s t i f f n e s s  i s  somewhat sma l l e r  t han  the a x i a l  s t i f f -  

0 

-1 ( l m ) .  I f  the l o c a l  normal s p r i n g  r a t e  over such a cone i s  uniform, 

TiiliS, L -  L" dLl*;e"e --I-- _ _ _ _  ~so-e:asticity, qj2 - w u u i u  _^.. 1 1  I...--- L i a v e  to be larger.  The e f f e c t s  ~f 

j o u r n a l  r o t a t i o n  a r e  i l l u s t r a t e d  i n  Figs .  9 through 1 2 .  I n  F igs .  9 and 10, r ad ia l  

and t a n g e n t i a l  s t i f f n e s s e s  f o r  E = 0.5 a r e  shown. It i s  seen that  the r o t a t i o n a l  

e f f e c t s  c a n  be neg lec t ed  f o r  A <  2 ,  whereas subs t an t i a !  i -prpase i n  the r a d i a l  s t i f f -  
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- ness  07.er t he  squeeze-fi lm bea r ing  (without r o t a t i o n ) f o r  A > 50, i s  caused by r o t a t i o n .  

I n  Figs .  11 and 1 2 ,  r a d i a l  and t a n g e n t i a l  s t i f f n e s s e s  of t he  concen t r i c  squeeze- 

f i l m  hybrid bear ing a r e  p l o t t e d  a g a i n s t  t he  excur s ion  r a t i o  ( f o r  the a x i a l  squeeze- 

motion) f o r  va r ious  v a l u e s  of A ( r o t a t i o n a l  o r  s e l f - a c t i n g  e f f e c t ) .  It i s  seen  

t h a t  f o r  each A, the  r a d i a l  s t i f f n e s s  inc reases  wi th  E and approaches e s s e n t i a l l y  

t o  t h a t  of the non- ro ta t ing  squeeze-fi lm bea r ing  when E i s  s u f f i c i e n t l y  l a r g e .  

For i n s t a n c e ,  a t  A = 10,  the r a d i a l  s t i f f n e s s  i s  v e r y  c l o s e  t o  t h a t  of the non- 

r o t a t i n g  squeeze-fi lm bea r ing  f o r  E > 0 . 4 ;  whereas a t  A = 100, the  corresponding 

t r a n s i t i o n  appears  t o  be beyond E = 1.0. The r a d i a l  s t i f f n e s s  of the hybr id  squeeze- 

f i l m  bea r ing  i s  approximately equal  t o  the sum of those due t o  squeeze-f i lm and 

r o t a t i o n a l  e f f e c t s  s e p a r a t e l y .  The curves f o r  t he  t a n g e n t i a l  s t i f f n e s s  show t h a t  

t he  c o n t r i b u t i o n  of the squeeze-f i lm motion i s  e s s e n t i a l l y  n e g l i g i b l e .  

.c 
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7 e CONCLUSIONS 

-. According t o  the a n a l y s i s  and the sample r e s u l t s  considered i n  the  previous s e c t i o n s ,  
I the  fol lowing conclusions can be drawn: 

a .  The asymptot ic  a n a l y s i s  of squeeze-fi lm bearings i s  a p p l i c a b l e  when u i s  

s u f f i c i e n t l y  l a r g e .  According t o  the asymptotic a n a l y s i s ,  $= PH i s  time independent.  

The e r r o r  involved i n  the asymptotic a n a l y s i s  concerning the bea r ing  load c a p a c i t y  

i s  of t h e  o rde r  of 11 &- 
b. Up t o  the  f i r s t  o rde r  of the r a d i a l  displacement ,  the a x i a l  load c a p a c i t y  

and the a x i a l  s t i f f n e s s  a r e  independent o f  the r a d i a l  displacement and the j o u r n a l  

~ r o t a  t ion 

c. When the mean gap i s  much l a r g e r  t han  the  nominal gap due t o  a l a r g e  a x i a l  

displacement ,  ( f o r  a bear ing c o n s i s t i n g  of p r i m a r i l y  the p o l a r  r e g i o n ) ,  t he  nominal 

gap dimension hzs  l i t t l e  s i g n i f i c a n c e .  I n  the c a s e ,  t he  mean gap a t  t h e  pole  be- 

comes t h e  a p p r o p r i a t e  r e f e r e n c e  dimension f o r  t he  bea r ing  gap. 

d. The hybr id  squeeze-f i lm bearing h a s  a r a d i a l  s t i f f n e s s  approximately equa l  

t o  the  sum of these  due t o  squeeze-f i lm and r o t a t i o n a l  e f f e c t s  s e p a r a t e l y .  

e .  The t a n g e n t i a l  s t i f f n e s s  of the hybr id  squeeze-f i lm bea r ing  i s  p r a c t i c a l l y  

independent of t h e  squeeze-f i lm motion. 
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APPENDIX I 

SPECIAL SOLUTIONS FOR THE AXIALLY SYMMETRIC PROBLEM 

A n a l y t i c a l  e x p r e s s i o n s  f o r  t h e  mean a x i a l  load  and mean a x i a l  s t i f f n e s s  are o b t a i n e d  

f o r  f0u.r s p e c i a l  cases; t h e y  are 

a 1  ‘PI > oo 
bl) = 00 

c >  - 0, qz  
0 - 0  - 

and d )  ‘pl = 09 rjz = 0, cp2 = goo. 

Case a )  ‘pl > 0’ 

Use Eq. (3.11) f o r  t h e  mean a x i a l  load  w i t h  

Eq. (3 .11)  can  t h e n  be i n t e g r a t e d  numer ica l ly .  (SimpsonBs q u a d r a t u r e  formula i s  

u s e d )  

The mean a x i a l  s t i f f n e s s  i s  o b t a i n e d  numer ica l ly  by c a l c u l a t i n g  t h e  mean a x i a l  

l o a d ,  Eq. (3 .11)  a t  s m a l l  increments  around t h e  a c t u a l  a x i a l  e c c e n t r i c i t y  r a t i o .  

Thus,  
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where superscr ip ts  (+), (-) r e f e r  t o  +A7 and -AT r e s p e c t i v e l y .  

f o r  A n  i s  0 , O l .  

A s u i t a b l e  value 

Case b) cpl = oo 

Z 
F 

(1 -6 )  = E I 1 +  !,:cos 2 c p 2 - l J ,  . * .  . . . * .  - . .  o .  o .  

EPaR !- 
2 2  

0 - (1.7 9 * D O . . O . . . . . . . D D D .  

2 312 E cos cp 

2 ,  

'2 s i n  2cp (1+rj, coscp) dcp 

( l+rjz cos cp,) 
where E = -J, * 

. a . a e . (1.8) 
2 2 2  

(1 + 7, coscp) - E cos cp 

and 1 2 =  - E  2 sin2cp costp?d 

0 
Case c cp1 = 0 ,  7, -- 0 

Ck 
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b 

3 
- 

. . . . . ~ . O . . . . ~ . ~ O O . O ~ D . D  (1.16) 2 cos  (p 

E 
0 3 2  bE 

0 
where - = - 2 ‘  

a% 
cp2 - I - - - - E 2  \ s in29  cos cp dcp 2 2  3 

3 

I 2 0  and 

0 
r 

2 2  1 - E cos (p2+ coscp - ( 1 - 
+ - 2  “ [ I  E 2 

. a e e . . (1,181 
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APPENDIX I1 

NUMERICAL INTEGRATION OF SYSTEM ( 4 . 2 ) ,  (4.3) AND (4.4) U S I N G  INFLUENCE 

C O E F F I C I E N T  METHOD 

du Denoting u' = - and 

system of f i r s t  o rder  d i f f e r e n t i a l  equat ions .  Using ma t r ix  n o t a t i o n ,  we have: 

v' = d.7 , Equation (4.2)  and (4 .3)  can be w r i t t e n  as a 
dcP dcp 

I- 

where 
3q, sincp 

1 dcp 1+q2 coscp 
d 

All = - + ( ctricp + 

A 

sincp (l+'qzcoscp)' i 
2 2 

(q,+coscp) + s i n  cp (vz 3 B1 = 
sincp(l+'q,coscp) 

1 G 
0 

s incp 

' %  s i n  u, B2 = - A  
l+'q coscp 

Z 

The boundary condi t ions  t o  be s a t i s f i e d  by (11.1) 

2 2 2 

2 2 

r 
u(cp,> =: 3 simpl 1'1 +q, coscpl) 9% 

u(cp,> = 3 sincp 

V(cpl) = 0 

v(cp,> =: 0 

1 

2 

cos cp 

+vz coscp2)2 +% E cos cp 2 
L 

a r e ,  from Eq.(4.4) 

. . . . . . . . . . .  (X1.39 
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* 

L e t  E q . ( I I . l )  be a b b r e v i a t e d  i n  t h e  form 

. 

- -  - 
K w - B  . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . .  (11 .4 )  

and i t s  s o l u t i o n  can  be w r i t t e n  as 
- -  - - - - 
w I' w * c w 4- c w * U '  (TI) w3 + v ((p,) w4 . . . . . . . . . . . . . .  (11.5) P 1 1  2 2  - 

where c1 and c 2  are  undetermined c o n s t a n t s ,  I n  E q . ( I I . 5 )  w 

of ( I 1 . 4 ) ,  s a t i s f y i n g  homogeneous i n i t i a l  c o n d i t i o n s ,  

i s  t h e  p a r t i c u l a r  s o l u t i o n  
P 

. e . . D  . . . .  . . . . . . . . .  . . . . . . . . . .  (11 .6 )  

- -  - 
whereas  w w and w a r e  t o  be s o l v e d  from t h e  homogeneous e q u a t i o n  - 1' 2 3 

A w  - 0  . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . .  (11.7) 
I - 

w i t h  r e s p e c t i v e  i n i t i a l  c o n d i t i o n s  

' . . . . .  . (11.8) 

The l a s t  t e r m  o f  Equat ion  (11 .5)  can be d i s r e g a r d e d  s i n c e  v(cpl) = 0. It i s  n o t  

d i f f i c u l t  t o  show t h a t  t h e  e lements  o f  w1 and w are  r e l a t e d  i n  t h e  fo l lowing  manner: 
2 

2 I I v = u  
2 1 - - ---1 

2 '  Hence, i t  i s  o n l y  n e c e s s a r y  t o  so lve  f o r  e i t h e r  w o r  w 1 - -  
The s o l u t i o n s  - w w 

r i c a i  i n t e g r a t i o n .  ii s t a n d a r d  subrout ine  i s  a v a i l a b l e  i n  t h e  cvmpuier  l i b r a r y .  

and w -can be o b t a i n e d  by t h e  Runge-Kutta method of nume- 
p '  1' 3 '  

Knowing t h e s e  s o l u t i o n s ,  t h e  c o n s t a n t s  c and c 

c o n d i t i o n s  

can be determined from t h e  boundary 
1 2 
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I -  
~ --. 

, .- 

Thus the  s o l u t i o n s ,  u and v ,  a r e  r e a d i l y  obta ined  from Eq. (11 .5) -  

u = u + c u + c ( -v , )  + U(cpl) u3 

v = v + c v + c (u,) + u(cp,) v3 

P 1 1  2 

P 1 1  2 

. . . . . . . . . . . . . . . . . (11.13)  



NOMENCLATURE 

A ,  B 

A 

b 

C 

- - 

c2 
e 

e e  r’ z 

0 
goy 81 

ho, hl 

HO 

F 

0 
G 

H 

H 

I 

k 

P 
P 

R 

R e  

t 

0 

u J  - 
W 

a 

€ 

“r 

72 
0 

0 

P 

cp 

- 

I n t e g r a t i o n  cons t an t .  

Coe f f i c i en t  mat r ix  a s  def ined  i n  Eq. (I1 4) 
A func t ion  of 9 , r e p r e s e n t i n g  gap o s c i l l a t i o n  i n  Eq. (5.1).  

Bearing r a d i a l  c l ea rance .  

A r b i t r a r y  cons t an t s  i n  Eq. (11.5). 

Excursion amplitude.  

R a d i a l  and a x i a l  displacement;  e is p o s i t i v e  when jou rna l  i s  z 
moving away from bearing.  

Bearing fo rce  i n  t h e  d i r e c t i o n  of ( ) .  

Defined i n  (2 .28) .  

Defined i n  (3 .2 ) .  

Defined i n  (2.31) and (2.32). 

Normalized f i l m  th ickness .  

Temporal average o f  H. 

Normalized f i l m  th i ckness  wi th  s t r u c t u r e  v i b r a t i o n s  taken i n t o  account.  

Defined i n  (2 .20) .  

S t i f f n e s s  i n  t h e  d i r e c t i o n  of ( ) .  

Pressure  

Normalized p res su re ,  p/pa. 

Radius. 

Real p a r t .  

T i m e .  

Real and imaginary p a r t s  of g. 

u t ,  v ’ ,  u ,  v as def ined  i n  Eq. (11.4) 
A t  t i  tude angle .  

e / C ,  dimensionless excurs ion  r a t i o .  
e 2 , dimensionless r a d i a l  displacement r a t i o .  

e 
2. , dimensionless  a x i a l  displacement r a t i o .  
C 
Meridian angle .  

C 

e - o (  
Densi ty .  

Azimuthai angle .  
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A 
r 

a 

W 
Jr 
Lu 

R 

Subsc r ip t s  

* 
2 

S u p e r s c r i p t s  

N 

6clu, ( f )  = Compress ib i l i ty  number 
Pa 

Vi scos i ty  [: )2 = Squeeze number. 
'a 

f i t ,  d imensionless  time. 

PH 

Asymptotic approximation of J r .  
Meridianal  angular  speed of  r o t a t i o n .  

Squeeze frequency. 

Ambient 

Edge 

Radia l  

Tangent i a  1 

Ax i a  1 

Refers  t o  

Refers  t o  cp 
01' 

2 '  

With s t r u c t u r a l  v i b r a t i o n s .  
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